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Abstract. In the work there is a NP-hard cyclic job shop problem
of tasks scheduling considered. To its solution there was tabu search
algorithm implemented using neural mechanism to prevent looping of
the algorithm. There were computational experiments conducted that
showed statistically significant efficacy of the proposed tabu method as
compared to classical list of forbidden moves.
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1 Introduction

The modern market has a huge demand for cheap, differentiated products. Hence,
the importance of cyclic mass production, where more copies of the product are
manufactured in recurring fixed intervals (cycle time). To maximize the num-
ber of goods produced in unit time, the aim is to minimize the cycle time. In
order to do this there is a model of this problem implemented, allowing the
use of optimization algorithms. Depending on the specific production process
and expected accuracy of mapping the reality, there is General Assembly Line
Problems [1] or cyclic extensions of classical scheduling problems applied. The
considered in this work cyclical job shop problem belongs to a class of strongly
NP-hard problems. Strong NP-hardness results in the fact that the possibility
to use the exact algorithms is limited to a small instances of the problem and
enables the of use heuristics and metaheuristics for larger instances. Analysis
of the state of knowledge about many varieties of cyclic job shop problem was
presented in the work [17].

To solve the considered in the work problem there was tabu search (TS) algo-
rithm used. It is one of the most widely used algorithms to solve combinatorial
optimization problems, including cyclic multi-machine problems [6,7,14]. In the
paper, in place of classic tabu list, there is a proposal to use the mechanism based
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on the concept of an artificial neural network. On one hand, it prevents genera-
tion of already considered solutions, on the other hand, it provides much better
diversification of the process of the solution space search. In general, the idea
of using advanced mathematical modeling constitutes promising way in solving
hard optimization problems [8,9,11,13]. In particular, neural approach was used
not only in an algorithm solving the traveling salesman problem [16], but also
in other problems of tasks scheduling [10,12].

2 Problem Definition

In the paper, cyclic job shop scheduling problem is considered. The problem
can be formulated as follows. There are m work stations (hereinafter denomi-
nated as the machines), numbered in consecutive order, forming the set M =
{1, 2, . . . ,m}. On the machines, n tasks (jobs) from the set J = {1, 2, . . . , n}
are being processed in a cyclical manner. Task j ∈ J requires nj operations
numbered as follows:

(lj−1 + 1, lj−1 + 2, . . . , lj−1 + nj), lj =

{∑j
i=1 ni for j = 1, 2, . . . , n,

0 for j = 0,
(1)

to be executed in predefined order.
The set O = {1, 2, . . . , o} consists of all the operations that are required to

finish the tasks from the set J . Each operation i ∈ O must be being executed
continuously on the machine vi for pi > 0 time, and each machine can execute
at most one operation at a time. Therefore, m disjoint sets of the operations can
be defined: Ok = {j ∈ O : vj = k}, k = 1, . . . m. The set Ok consists of all the
operations that are executed on the machine k ∈ M and has a size of mk = |Ok|.
A set of operations that must be processed in a single cycle (O) is called MPS
(Minimal Part Set). MPSes are processed cyclically, e.g. each operation i ∈ O
must be executed every T time units, where T is a cycle time. The sequence
of operation execution on the machine k ∈ M is denoted by the permutation
πk = (πk(1), . . . , πk(mk)), where πk(i) ∈ Ok is an operation on the position i
in πk. The order of execution for all the machines is represented by the m-tuple
π = (π1, π2, . . . , πm). Let Πk, k ∈ M be a set of possible permutations of the
operations from the set Ok. Then π ∈ Π = Π1 × Π2 × · · · × Πm.

A solution of the problem is defined by the cycle time T and the schedule
Sx = (Sx

1 , Sx
2 , . . . , Sx

o ), where Sx
i is the moment in time when, in x -th MPS, the

execution of the operation i ∈ O is being started. The schedule is subject to the
following constraints:

Sx
i + pi ≤ Sx

i+1, for i ∈ Ok, k ∈ M, (2)
Sx

πk(i)
+ pπk(i) ≤ Sx

πk(i+1), for i = 1, . . . , mk − 1, k ∈ M, (3)

Sx
i ≥ 0, for i ∈ O, (4)
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Sx
πk(mk)

+ pπk(mk) ≤ Sx+1
πk(1)

, for k ∈ M, (5)

Sx
i + T = Sx+1

i , for i ∈ O, (6)

where x = 1, 2, . . . is the number of MPS.

Definition 1. For a given order of execution π, the minimal cycle time T (π)
is the lowest value of a cycle time T , for which π is feasible, e.g. at least one
schedule Sx that satisfies the constraints from Eqs. (2)–(6) exists.

Therefore, the problem of the minimum cycle time is reduced to finding such
π∗ ∈ Π that minimizes the minimal cycle time

T (π∗) = min
π∈Π

{T (π)}. (7)

Passage from π to the solution in the form of cycle time T and schedule Sx boils
down not only to designation of T (π) but also finding an acceptable schedule.
Therefore, the important issue is determining the minimum cycle time for a given
order of operations, i.e. permutation π ∈ Π.

3 The Minimum Cycle Time

In order to determine the minimum cycle time there was a method presented in
the works [4,6] adopted. Let us consider shifted to the left schedule of operation
execution which meets the constraints of (2) and (5). Then the values of the
following completion times of the operations can be calculated with the use of
the formula:

Sx
πk(i)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−∞ for x = 0,

Sx
πk(i−1) + pπk(i) for πk(i) = lj−1 + 1, j ∈ J

Sx−1
πk(mk)

for i = 0,

max
{

Sx
πk(i−1); Sx

πk(i)−1

}
+ pπk(i) otherwise,

(8)
where: k ∈ M, i ∈ {1, 2, . . . ,mk}, x = 1, 2, . . . . It is easy to notice that for any
permissible order of operations on the machines π ∈ Π (order for which it is
possible to find at least one acceptable schedule), it is possible to perform the
calculation from the Eq. 8. Let kS denote schedule anchored in the operation
πk(1), e.g. kS1

πk(i)
= pπk(i). To fulfill the condition from the Eq. 6 there must

occur:
T ≥ kSx

πk(1)
− kSx−1

πk(1)
, k = 1, 2, . . . ,m, (9)

where after transformations

T ≥ kSx
πk(1)

− (kS1
πk(1)

+ T (x − 1 − 1)). (10)

Since kS1
πk(1)

= 0, therefore

T ≥
kSx

πk(1)

x − 1
, (11)
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ultimately the condition that must be met by the minimum cycle time:

T (π) ≥
kSx

πk(1)

x − 1
, k ∈ M, x = 2, 3, . . . . (12)

Finally the minimum cycle time for a fixed solutions π ∈ Π can be determined
with the use of the equation:

T (π) = max

{
kSx

πk(1)

x − 1
: x = {2, 3, . . . m}, k ∈ M

}
. (13)

As shown in [5], with the use of the discussed method, the cycle time can be
designated in time O(om2).

4 Solution Method

To solve the considered in the work problem there was, proposed in the work [15],
metaheuristic tabu search algorithm adopted. In order to avoid locking in local
minima, a list of prohibited moves was used in it. In the literature one can find
many modifications of the original algorithm used in tasks scheduling problems
[3,18,20]. A scheme of the proposed method (denoted in short as NTS) is shown
in Fig. 1. In its description, the numbers in parentheses indicate the number of
the block in diagram.

The algorithm starts by designation of allowable initial solution π0 (block
(1)). The starting procedure is a simple heuristics determining such order of
operations execution on machines, in which all operations from the tasks i are
performed before operations from tasks j, if i < j. The best solution found so far
was denoted with the use of π∗, whereas the current solution π, iter is the number
of iterations of the algorithm from the last improvement of the order π∗. In block
(2) there is the neighborhood generated, i.e. the set of N(π) solutions (neighbors)
of the solution π, created with the use of a specific operator. In this algorithm the
neighborhood block N1 was modeled on the example from the works of Nowicki
and Smutnicki [18]. Its definition in terms of cyclical problems can be found
in [14]. Elements of the neighborhood are generated by swapping the order of
performing of the first operation from each block with the second operation of
the block, and the last operation of each block with the one before last operation.
If the designated neighborhood is empty (3) there is a recurrence (11) performed.
The mechanism of a recurrence is a diversification scheme applied in order to
leave unpromising search areas. For this purpose there is a list of good long-term
solutions used. It is created with the solutions of the objective function value
less than the best found so far (improving π∗). The solution is stored along with
the neighborhood omitting the best neighbor (to avoid re-following of the same
path). The recurrence is performed when one of the conditions is met:

1. neighborhood of the current solution is empty (3);
2. algorithm cyclically visits the same solutions (10);
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START(0)

Find initial solution π(0); π∗ ← π ← π(0); iter ← 0(1)

Generate neighbourhood N(π)(2)

|N(π)| > 0

(3)

Choose solution πB from N(π); π ← πB(4)

Time expired(5) STOP

(6)

T (π) < T (π∗)

(7)

Put π on long list;
π∗ ← π; iter ← 0

(8) iter ← iter + 1(9)

Cycle or Imax < iter(10)

Get solution πL from long list; π ← πL; iter ← 0

(11)

TRUE

FALSE

TRUE

FALSETRUE

TRUE

FALSE

FALSE

Fig. 1. Flowchart of tabu search algorithm

3. number of iterations, without improving the best solution found so far, exceeds
the predetermined value Imax depending on the current iteration (10).

The algorithm proceeds to solve the oldest solution from the long-term list,
at the same time deleting it from the list. As demonstrated by computational
experiments, the algorithm deprived of condition 2, has a tendency to fall into
cycles of small length. This results from the fact that neural mechanism for
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{1, 2}

{1, 3}

{o−1, o}

find
{i∗(t), j∗(t)}

x{1
,2} (t)

x{1,3} (t)

x{o−1,o
}(t

)

...

u{1,2}(t)

u{1,3}(t)

u{o−1,o}(t)

y{1,2}(t)

y{1,3}(t)

y{o−1,o}(t)

Fig. 2. Diagram of neural mechanism of choosing a solution

choosing the solution (4) does not have a built-in mechanism prohibiting their
formation. Thus, detection of the cycles is particularly important. The next step
(4) is the neural mechanism of choosing the best solution from the neighborhood
(the exact diagram is shown in Fig. 2). It was adapted from work [19]. In contrast
to the solution based on a tabu list, it does not define a set of strictly prohibited
moves. Instead, each of o(o−1)/2 possible swap type moves is modeled with the
corresponding to it neuron. Let neuron {i, j} correspond to a move changing the
order of execution of operations i i j, i �= j. At the entrance of the neuron {i, j}
in the iteration t, denoted as u{i,j}(t) there is 0 if the move {i, j} was not used
when creating a neighborhood in the iteration t, and 1 otherwise. The output of
neuron y{i,j}(t) indicates how desirable is the move {i, j}. Finally, the solution
πB ∈ N(π) is chosen generated by the use of the move represented by the neuron
with the highest value at the output. Neuron state is described by a number of
variables. Tabu effect γ{i,j}(t) is the history of the neuron activity, and its value
depends on the state of the output neuron y{i,j}(t) in previous iterations. In [19]
there was exponential diminishing of the tabu effect proposed:

γ{i,j}(t + 1) =

{
kγ{i,j}(t) + y{i,j}(t) for t > 0,

0 for t = 0,
(14)

where k is a coefficient that allows one to modify the pace of decline. Gain effect
informs one about the quality of the move and is described by the equation

η{i,j}(t + 1) =

{
α

T(π(t){i,j})
T (π∗(t)) for u{i,j}(t + 1) = 1,

∞ for u{i,j}(t + 1) = 0,
(15)

where π(t){i,j} is the permutation defined by swapping of the order of execution
of operations i and j in solution π from iteration t; α is the coefficient of scala-
bility, π∗(t) is best obtained order of execution π∗ defined by the first t iteration
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of the algorithm. Finally, the output neuron is calculated by the formula:

y{i,j}(t + 1) =
1
2

|{i, j} ∩ {i∗(t), j∗(t)}| , (16)

where i∗(t) i j∗(t) are arbitrarily selected pair of operations satisfying the con-
dition:

x{i∗(t),j∗(t)}(t) = min
{
x{k,l}(t) : k, l ∈ O ∧ k �= l

}
, (17)

x{i,j}(t) = η{i,j}(t) + γ{i,j}(t). (18)

Thus the value y{i,j}(t) ∈ {0, 0.5, 1} reflects the degree to which the move {i, j}
is similar to the best move {i∗(t), j∗(t)}. Blocks (5) and (7) are responsible for
stopping the execution of the algorithm after a fixed period of time. In blocks
(7–9) the value of the best so far determined order π∗ is updated. Blocks (10–
11) were discussed earlier. In order to evaluate the effect of the application of a
neural network on the quality of the results, there was standard TS algorithm
proposed differing from the NTS algorithm by the block principle activity (4).
In the TS the prohibitions mechanism is implemented with the use of a tabu
list which is the short-term history of searches. The attributes of the visited
by the algorithm solutions are added to it. The solution π is described with an
unordered pair of operations {i, j}, vi = vj = s, where changing the order of
tasks execution on the machine s led to creation of π. When the length of the
list reaches the maximum fixed value of Lmax, before adding the next solution,
the oldest one is deleted from the list. In case where, in a particular step, all
elements of the neighborhood are on the tabu list, the successive solutions are
deleted from it, beginning with the oldest, until at least one of the neighbors
is not prohibited. In addition, there is an aspiration criterion introduced: every
neighbor of objective function value less than the current best solution is not
prohibited, even if it is on the tabu list. In the algorithm, there was a strategy
of choosing a neighbor of the smallest value of the objective function adopted.

5 Computational Experiments

Both the NTS algorithm and the classic TS algorithm were implemented in
C++ using Visual Studio 2015 Professional. The study was conducted on a PC
equipped with an Intel i7-4930K CPU clocked at 4.31 GHz processor, 32 GB of
RAM and the operating system Widows 8.1 64-bit. Due to the lack of bench-
marks for the tested varieties of the problem there were test examples from
the OR-Library used [2]: ft6, ft10, ft20 and la01 - la40 for the job shop
problem, assuming that the operations are carried out periodically. In the pre-
liminary studies there were the parameters of algorithms established. In the
TS algorithm there was the length of the tabu list determined on Lmax = 7,
Imax = 5000 + t/10, where t denotes the number of iterations. In the NTS there
were α = 12, k = 0.98, Imax = 5000 + t/10 adopted. For each instance deter-
mined the relative deviation of the smallest of determining minimum cycle time
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Table 1. Values Dev for TS and NTS algorithms.

Instance Dev [%] Instance Dev [%] Instance Dev [%]

Name n×m TS NTS Name n×m TS NTS Name n×m TS NTS

la01 10× 5 2.79 0.51 la16 10× 10 34.88 36.00 la31 30× 10 9.13 8.38

la02 10× 5 2.65 1.45 la17 10× 10 8.54 8.16 la32 30× 10 21.03 0.91

la03 10× 5 2.62 2.45 la18 10× 10 28.84 31.37 la33 30× 10 15.76 0.41

la04 10× 5 8.01 7.00 la19 10× 10 16.96 20.98 la34 30× 10 18.93 7.49

la05 10× 5 29.02 11.47 la20 10× 10 16.67 12.35 la35 30× 10 7.80 0.98

la06 15× 5 14.31 13.84 la21 15× 20 17.23 17.76 la36 15× 15 27.36 21.53

la07 15× 5 11.07 11.00 la22 15× 20 21.05 11.27 la37 15× 15 47.37 42.11

la08 15× 5 0.44 0.56 la23 15× 20 1.21 1.17 la38 15× 15 43.16 41.23

la09 15× 5 3.74 0.42 la24 15× 20 8.77 12.24 la39 15× 15 19.76 23.48

la10 15× 5 0.40 0.71 la25 15× 20 12.19 10.16 la40 15× 15 15.92 19.05

la11 20× 5 12.39 11.97 la26 20× 10 5.52 4.51 ft06 6× 6 11.24 11.24

la12 20× 5 1.96 0.27 la27 20× 10 15.09 5.61 ft10 10× 10 17.35 10.16

la13 20× 5 4.23 3.61 la28 20× 10 0.89 1.78 ft20 20× 5 6.36 5.92

la14 20× 5 0.02 0.00 la29 20× 10 3.41 3.19

la15 20× 5 8.32 7.65 la30 20× 10 17.21 17.01

T (π) from its estimate a lower TLB, defined as:

Dev =
T (π) − TLB

TLB
· 100 %, (19)

where TLB = max1≤i≤m

{∑
j∈Oi

pj

}
, was obtained by each of the algorithms in

time of 100 s. The results of the experiment are given in Table 1 and presented in
Fig. 3. NTS algorithm is much better for larger sizes of instances. Unfortunately,
while the average result for the proposed method was lower by 13.34 % - 10.67 %
= 2.67 %, in case of an instance: la08, la10, la16, la18, la19, la21, la24, la28,
la39, la40 there was no improvement in the results observed.

The results of TS and NTS algorithms were compared with the use of the
Wilcoxon-Mann-Whitney two-sample rank-sum test. It was assumed that the
test examples are representative sample of the population. Let DTS denote
the population of the relative deviations of the smallest designated by TS algo-
rithm minimum cycle time T (π) from its lower estimate T (πLB) for all instances
of the problem. Population DNTS was defined in a similar way. It is assumed
that under the null hypothesis H0, the probability of an observation from the
population DTS exceeding an observation from the second population DNTS

equals the probability of an observation from DNTS exceeding an observation
from DTS : P (DTS > DNTS) = P (DTS < DNTS). The alternative hypothesis
H1 was: P (DTS > DNTS) > P (DTS < DNTS). The test does not conclude on
P (DTS = DNTS). The test was performed using the software environment for
statistical computing R obtaining V = 736, p = 0.000763. At the significance
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Fig. 3. Differences in the quality of the results of TS and MTS algorithms activity on
test examples

level of p = 0.05 rejected the hypothesis H0 was rejected to adopt H1 hypothe-
sis. Thus, the test enabled the recognition of the results obtained by using the
NTS as better than the results of the TS algorithm.

6 Concluding Remarks

In the paper there was a modified tabu search algorithm with neural prohibi-
tions mechanism proposed. The promoted model is the equivalent of the biolog-
ical mechanism of forgetting - the move is not explicitly prohibited or allowed.
The use of statistical Wilcoxon-Mann-Whitney test, on the solutions of problem
instances from OR-Library, allows the recognition of the results obtained with
the proposed algorithm as better than the results obtained with the use of the
modified tabu search.
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