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Abstract

Discrete optimization methods are applied in time-
dependent systems where there are problems of production
management and job’s scheduling. One can encounter such
problems in preparing travel itineraries for tourists, in op-
timal ways (e.g. traveling salesman’s way), schedule plan-
ning and in expert systems connected with taking optimal
decisions. Many of these problems amount to determining
optimal scheduling (permutation of some objects) and usu-
ally they are NP-hard. They have also irregular goal func-
tions and very many local minima. Classic heuristic algo-
rithms (tabu search, simulated annealing and genetic algo-
rithm) quickly converge to some local minimum and diver-
sification of the search process is difficult. In this paper we
present a hybrid evolutionary algorithm for solving permu-
tation optimization problems. It consists in testing feasible
solutions, which are local minima.∗

1 Introduction

Most of the problems connected with recommending
systems and optima planning are also pure discrete opti-
mization problems. We present a general evolution method
approach that can be used to find approximate solutions
of the hard optimization problems (OP problems). LetΠ
be a set of all permutations of elements1, 2, . . . , n, and
F : π → R+, π ∈ Π. The problem consists in determining
optimal permutation (with minimal or maximal value of the
goal functionF ) in the solution spaceΠ. Some represen-
tative examples of permutation problems are: the traveling
salesman problem, the assignment problem, and the single
and multi-machine scheduling problems. Although these
problems have simple formulations, they are very trouble-
some, because in most cases they belong to the NP-hard

∗The work was supported by KBN Poland, within the grant No.
T11A01624

problems class. By their very nature, theOP have a huge
number of various local optima. Therefore, to solve these
problems approximate methods are mainly used. Construc-
tion algorithms or classic local optimization algorithms do
not always allow obtaining good results. These algorithms
usually finish calculations after finding a few local optima.
So nowadays many approaches, not so ”sensitive” to detect-
ing local optima – especially artificial intelligence methods,
are applied to solveOP.

In this paper we present a method of the algorithm’s con-
struction for solvingOP, consisting in determining and re-
searching of local minima. This method is based on the fol-
lowing observation. If there are the same elements in some
positions in several permutations, which are local minima,
then these elements are in the same position in the optimal
solution.

The basic idea is to start with an initial population (any
subset of the solution space). Next, for every element of
the population, a local optimization algorithm is applied
(e.g. descending search algorithm) to determine a local
minimum. In this way we obtain a set of permutations –
local minima. If there is an element which is in the same
position in several permutations, then it is fixed in this po-
sition in the permutation, and other positions and elements
of permutations are still free. A new population (a set of
permutations) is generated by drawing free elements in free
positions (because there are fixed elements in fixed posi-
tions). After determining a set of local minima (for the new
population) we can increase the number of fixed elements.
To prevent finishing of the algorithm’s work after executing
some number of iterations (when all positions are fixed and
there is nothing left to draw), in every iteration ”the oldest”
fixed elements are set as free.

The proposed method is especially helpful in solving big
instances of very hard problems with irregular goal func-
tions. One can encounter such problems, among others, in
very efficient strategies of control of the discrete production
Just-In-Time systems which are often elements of produc-
tion’s recommending systems.
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The paper is organized as follows. In the next section we
introduce the notation, elements of evolutionary algorithm
and local search algorithms. There are results of computa-
tional experiments for two classical strong NP-hard prob-
lems of scheduling in Section 3. Obtained results are com-
pared with the best known from literature. There are con-
clusions in Section 4.

2 Hybrid Evolutionary Algorithm

Let Π be a set of all permutations of elements from
the setN = {1, 2, . . . , n} and the functionF : π →
R+, π ∈ Π. We consider the permutation optimization
problem (POP) consisting in determining optimal permuta-
tion δ ∈ Π such, that

F (δ) = min{F (π) : π ∈ Π}.
To solve this problem we propose the evolutionary

algorithm which examines local minima of functionF . To
determine local minimum a local search algorithm is used.
We apply the following notation:

π∗ : sub-optimal permutation
determined by the algorithm,

η : number of elements in
the population,

P i : population in the iterationi of
the algorithm,
P i = {π1, π2, ... , πη},

LocalOpt(π) : local optimization algorithm
to determine local
minimum, whereπ is a
starting solution,

LM i : a set of local minima in
iterationi,
LM i = {π̂1, π̂2, ... , π̂η},
π̂=

j LocalOpt(πj),
πj ∈ P i, j = 1, 2, ... , η.

FSi : a set of fixed elements and
position in permutations
of populationP i,

FixSet(LM i, FSi) : a procedure which determines
a set of fixed elements
and positions in the next
iteration of evolutionary
algorithm,FSi+1 =
= FixSet(LM i, FSi),

NewPopul(FSi) : a procedure which generates
a new population in the
next iteration of algorithm,
P i+1 = NewPopul(FSi).

In any permutationπ ∈ P i positions and elements which
belong to the setFSi (in iterationi) we callfixed, and other
elements and positions we callfree.

Working of the algorithm begins with creating an initial
populationP 0 (and it can be created randomly). We set a
sub-optimal solutionπ∗ as the best element of the popula-
tion P 0. A new population of iterationi + 1 (a setP i+1) is
generated as follows. For current populationP i+1 a set of
local minimaLM i is determined (for each elementπ ∈ P i

executing procedureLocalOpt(π)). Elements which are
in the same positions in local minima are established (pro-
cedureFixSet(LM i, FSi)), and a set of fixed elements
and positionsFSi+1 is generated. Each permutation of a
new populationP i+1 has fixed elements (in fixed positions)
from the setFSi+1. Free elements are randomly drawn
in remaining, free positions of permutation. If permutation
β ∈ LM i exists andF (β) < F (π∗), then permutationπ∗

is set toβ. The algorithm finishes its work after generating
a fixed number of generations.

The general structure of the hybrid evolutionary algo-
rithm for the permutation optimization problem is given be-
low.

Hybrid Evolutionary Algorithm (HEA)

Initialization:
randomly create an initial population

P 0 ← {π1, π2, . . . , πη};
π∗ ← the best element of the populationP 0;
the number of iterationi ← 0;
a set of fixed elements and positionsFS0 ← ∅;
repeat

Determine a set of local minima
LM i ← {π̂1, π̂2, . . . , π̂η}, where

π̂j ←LocalOpt(πj), πj ∈ P i;
for j ← 1 to η do

if F (π̂j) < F (π∗) then
π∗ ← π̂j ;

end if;
end for;
Determine a set
FSi+1 ← FixSet(LM i, FSi)

and generate a new population
P i+1 ← NewPopul(FSi);

i ← i + 1;
until not Stop Criterion;

The algorithm stops (Stop condition) after execution
Max iter iterations or after exceeding a fixed time. Pro-
ceduresLocalOpt, FixSetand NewPopulare described in
further parts of the paper.

2.1 Local optimization (LocalOptprocedure)

A fast algorithm based on local improvement is applied
to determine local minima. The method begins with an ini-
tial solutionx0. In every iteration for the current solutionxi

the neighborhoodN(xi) is determined.N(xi) is a subset
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of the set of feasible solutions. The neighborhood is gen-
erated by moves that are fixed transformations of solution
xi. Next, from the neighborhood the best elementxi+1 is
chosen, which is the current solution in the next iteration.

2.2 A set of fixed elements and position (FixSetpro-
cedure)

The set FSi (in iteration i) includes foursomes
(a, l, α, ϕ), wherea is an element of the setN (a ∈ N),
l is a position in permutation (1 ≤ l ≤ n) andα, ϕ are at-
tributes of a pair(a, l). A parameterα means ”adaptation”
and decides on inserting to the set, andϕ – ”age” – decides
on deleting from the set. Both of these parameters are de-
scribed in a further part of this chapter. The maximal num-
ber of elements in the setFSi isn. If a foursome(a, l, α, ϕ)
belongs to the setFSi, therefore there is an elementa in the
positionl in each permutation from the populationP i.

In every iteration of the algorithm, after determining lo-
cal minima (LocalOptprocedure), a new setFSi+1 = FSi

is established. Next, aFixSet(LM i, FSi) procedure is
called, in which the following operations are executed: (a)
changing of the age of each element (ϕ parameter), (b)
deleting the oldest elements, (c) inserting the new elements.

There are two functions of acceptanceΓ(i) andΦ(i) con-
nected with insert and delete operations. Both of them can
be determined experimentally.

2.2.1 Modification of element’s age

In every iteration of the algorithm, the age of each element
which belongs toFSi is increased by 1, that is

∀(a, l, α, ϕ) ∈ FSi+1, FSi+1 ← FSi+1\{(a, l, α, ϕ)}∪

∪{(a, l, α, ϕ + 1)}.
The age parameter makes it possible to delete an element
from the setFSi. Each fixed element is free after some
number of iterations and can be fixed again in any free po-
sition.

2.2.2 Inserting elements

Let P i = {π1, π2, . . . , πη} be a population ofη elements
in iterationi. For each permutationπj ∈ P i, applying the
local search algorithm (LocalOpt(πj) procedure), a set of
local minimaLM i = {π̂1, π̂2, . . . , π̂η} is determined. Each
permutation

π̂j = (π̂j(1), π̂j(2), ... , π̂j(n)), j = 1, 2, ... η.

Let
nr(a, l) ≥ ∣∣{π̂j ∈ LM i : π̂j(l) = a}∣∣ .

It is a number of permutations from the setLM i, in which
elementa is in the positionl.
If a ∈ N is a free element andα = nr(a,l)

η ≥ Φ(i), then
the elementa is fixed in the positionl; ϕ = 1 and the four-
some(a, l, α, ϕ) is inserted to the set of fixed element and
positions, that is

FSi+1 ← FSi+1 ∪ {(a, l, α, ϕ)}.

Acceptance functionΦ should be defined so that

∀i, 0 < Φ(i) ≤ 1.

2.2.3 Deleting elements

To test many local minima, each fixed element is released
after executing some number of iterations. LetES =
{(a, l, α, ϕ) ∈ FSi+1 : α

ϕ ≤ Γ(i)}. If ES 6= ∅,
then elements of this set are deleted fromFSi+1, that is
FSi+1 ← FSi+1\ES, otherwise (whenES = ∅), let
∆ = max{α

ϕ : (a, l, α, ϕ) ∈ FSi+1}. The element∆
is deleted from the setFSi+1, that is

FSi+1 ← FSi+1\∆.

FunctionΓ(i) should be defined in such a way that each
element of the setFSi is deleted after executing some num-
ber of iterations.

2.3 A new population (NewPopulprocedure)

If a foursome(a, l, α, ϕ) ∈ FSi+1, then in each permu-
tation of a new populationP i+1 there is an elementa in a
positionl. Randomly drawn free elements will be inserted
in remaining (free) positions. PopulationP i+1 is generated
as follows.

Algorithm NewPopul(FLi)
P i+1 := ∅;
Determine a set of free elements
FE := {a ∈ N : ∃ (a, l, α, ϕ) ∈ FSi+1}
and a set of free positions
FP := {l : ∃ (a, l, α, ϕ) ∈ FSi+1};
for j:=1 to η do {Inserting fixed elements}

for every (a, l, α, ϕ) ∈ FSi+1 do
πj(l) := a;

end for;
W := FE;
{Inserting free elements}
for s:=1 to n do

if s /∈ FP then πj(s) := w, where
w := random(W ) and W := W\{w};

end if;
Pi+1 := Pi+1 ∪ {πj}.
end for;
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Functionrandomgenerates an element of the setW from
the uniform distribution. Computational complexity of the
algorithm isO(η · n).

3 Implementations of the method

In this section a realization of the hybrid evolutionary al-
gorithm for two classical scheduling problems is presented.
In a LocalOpt(πj) πj ∈ P i procedure there is applied a
very quickdescent searchalgorithm. The neighborhood is
generated by insert moves which consist in taking an ele-
ment from some position in the permutation and inserting it
to another position and moving elements between these po-
sitions. Such a neighborhood hasn(n− 1) elements, where
n is the length of permutation. The algorithm starts with a
feasible solutionπj ∈ P i, and it tries to improve this solu-
tion making small changes in it. Values of functionsΓ and
Φ were set toΓ(i) = 0.8 andΦ(i) = 0.6 (after preliminary
experiments).

3.1 Single machine scheduling problem

In the single machine total weighted tardiness problem,
denoted as1‖∑

wiTi, a set of jobsN = {1, 2, . . . , n}
has to be processed without interruption on a single ma-
chine that can handle only one job at a time. All jobs
become available for processing at time zero. Each job
i ∈ N has an integerprocessing timepi, a due datedi,
and a positiveweight wi. For a given sequence of the
jobs and (the earliest) completion timeCi, the tardiness
Ti= max{0, Ci − di} and the costfi(Ci) = wi · Ti of job
i ∈ N can be computed. The goal is to find a job sequence
(permutation) that minimizes the sum of the costs given by∑n

i=1 fi(Ci) =
∑n

i=1 wi · Ti.
The problem is NP-hard (Lenstra et all [14]). A large

number of studies has been devoted to the problem. Em-
mons [6] derives several dominance rules that restrict the
search process for an optimal solution. These rules are used
in many algorithms. Enumerative algorithms that use dy-
namic programming and branch and bound approaches to
the problem are described by Fischer [7], Potts and Van
Wassenhove [19]. These and other algorithms are dis-
cussed and tested in a review paper by Abdul-Razaq et al.
[1]. Algorithms are a significant improvement to exhaus-
tive search, but they remain laborious and are applicable
only to relatively small problems (with the number of jobs
not exceeding 50). The enumerative algorithms require con-
siderable computer resources both in terms of computation
times and core storage. Therefore, many algorithms have
been proposed to find near optimal schedules in reasonable
time. These algorithms can be broadly classified into con-
struction and interchange methods.

The construction methods use dispatching rules to build
a solution by fixing a job in a position at each step. Several
constructive heuristics are described by Fischer [7] and in a
review paper by Potts and Van Wassenhove [20]. They are
very fast, but the quality of the solution is not good.

Interchange methods start from an initial solution and
repeatedly try to improve the current solution by local
changes. The interchanges are continued until a solution
that cannot be improved is obtained which is a local min-
imum. To increase the performance of local search al-
gorithms, there are used metaheuristics like Tabu Search
(Crauwels et al. [4]), Simulated Annealing (Potts and Van
Wassenhove [20]), Genetic Algorithms (Crauwels et al.
[4]), Ant Colony Optimization (Den Basten et al. [5]). A
very effective local-search method has been proposed by
Congram et al. [3], and next improved by Grosso et al. [10].
The key aspect of the method is its ability to explore an
exponential-size neighborhood in polynomial time, using a
dynamic programming technique.

An implementation of the hybrid evolutionary algorithm
HEA was tested on problems withn=40, 50 and 100 jobs
of benchmark instances taken from the OR-library [2]. The
benchmark set contains 125 instances for each size ofn
value. There are results obtained by HEA compared with
the best known results from literature in Table 1 and in Fig-
ure 1. For comparison, also the results of the constructive
algorithm META (composition of SWPT, EDD, AU and
COVERT algorithms) from [19] and parallel simulated an-
nealing (SA) algorithm based on [22] are presented. The
chosen measure was relative distance (in percent) to the best
known solution’s goal function.

n HEA SA META

40 0,00% 1,20% 15,92%

50 0,02% 0,86% 14,69%

100 0,26% 1,78% 16,64%

average 0,09% 1,28% 15,75%

Table 1. Results for the single machine total
tardiness problem

As we can see in Table 1, the results of the HEA al-
gorithm are much better than results of parallel SA and
constructive META algorithms. Replacing simple descent
search algorithm in HEA by some advanced local search
algorithm additionally improves its results.
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 Figure 1. Relative distance to the best known

solutions for the single machine scheduling

3.2 Flow shop problem

The classic flow shop problem, denoted asF‖Cmax, can
be described as follows. There is a set of enumerated jobs
J={1,2,. . . ,n} and a set ofm machinesM={1,2,. . . ,m}. A
job j ∈ J is a sequence ofm operationsOj1, Oj2,. . . ,Ojm.
OperationOjk corresponds to the processing of jobj on
machinek during an uninterrupted processing timepjk. We
want to find a schedule such that the maximum completion
time is minimal.

Let π = (π(1), π(2), . . . , π(n)) be a permutation of jobs
{1, 2, . . . , n} andΠ be the set of all permutations. Each
permutationπ ∈ Π defines a processing order of jobs on
each machine. We wish to find a permutationπ∗ ∈ Π that:

Cmax(π∗) = min
π∈Π

Cmax(π),

whereCmax(π) is the time required to complete all jobs on
the machines in the processing order given by the permuta-
tion π. Completion time of jobπ(j) on machinek can be
found using the recursive formula:

Cπ(j)k=max{Cπ(j−1)k, Cπ(j)k−1} + pπ(j)k,

whereπ(0) = 0, C0k = 0, k = 1, 2, ...,m, Cj0 = 0,
j = 1, 2, ..., n. It is well known thatCmax(π) = Cπ(n)m.

Johnson [12] gives an O(nlogn) algorithm for two ma-
chines (F |2|Cmax), Garey, Johnson and Seti [8] show that
F |3|Cmax is strongly NP-hard. The best available branch
and bound algorithms are those of Lageweg, Lenstra and
Rinnooy Kan [13]. Their performance is not entirely sat-
isfactory however, as they experience difficulty in solving
instances with 20 jobs and 5 machines. Various local search
methods are available for the permutation flow shop prob-
lem. Tabu search algorithms are proposed by Nowicki,
Smutnicki [16] and Grabowski, Wodecki [9]. Sequential
simulated annealing algorithms are proposed by Osman,
Potts [18], Ogbu, Smith [17], Ishibuchi, Misaki and Tanaka

[11]. A parallel simulated annealing algorithm is proposed
by Wodecki and Bȯzejko [22].

Similarly as in a previous problem, the implementation
of the hybrid evolutionary algorithm HEA was tested on
benchmark instances taken from the OR-library [2], pro-
posed by Taillard [21] and compared with the best known
results from the literature. For comparison, also the results
of constructing the approximate algorithm NEH [15] and
the parallel simulated annealing (SA) algorithm from [22]
are presented in Table 2 and in Figure 2.

n×m HEA SA NEH

20× 5 0,03% 0,62% 2,87%

20× 10 0,51% 1,70% 4,74%

20× 20 0,41% 1,82% 3,69%

50× 5 0,03% 0,13% 0,89%

50× 10 1,17% 0,92% 4,53%

average 0,43% 1,04% 3,34%

Table 2. Results for the flow shop problem

The results presented in Table 2 show, that the HEA algo-
rithm gains considerably better results than other compared
algorithms, especially for the large problems.
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Figure 2. Relative distance to the best known
solutions for the flow shop scheduling

4 Conclusions

We have discussed a new approach to the permutation
optimization problems based on the hybrid evolutionary al-
gorithm. Using a population with fixed features of local
optima makes the performance of the method much better
than the iterative improvement approaches, such as in tabu
search and simulated annealing methods. The advantage is
especially visible for large problems.
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