
11.
Best Linear Unbiased Estimate
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1. LS properties for N <∞
bias

let LN =
(
XT
NXN

)−1
XT
N we get aN = LNYN (linear estimate)

aN = LNYN = LN(XNa
∗ + ZN) = a

∗ + LNZN

EaN = a∗ + E {LN}E {ZN} = a∗

conclusion: aN is unbiased for both random and deterministic input

covariance matrix

cov(aN) = E
{
(aN − a∗)(aN − a∗)T

}
aN − a∗ = LNZN

cov(aN) = E
{
LNZNZ

T
NL

T
N

}
= LN

(
EZNZ

T
N

)
LTN

structure

EZNZ
T
N =


Ez21 Ez1z2 .. Ez1zN
Ez2z1 Ez22 .. :
: : : :
EzNz1 .. .. Ez2N

 = σ2zI

thus
cov(aN) = σ2zLNL

T
N

for LNLTN we get
LNL

T
N =

(
XT
NXN

)−1
XT
NXN

(
XT
NXN

)−1
=
(
XT
NXN

)−1
hence

cov(aN) = σ2z
(
XT
NXN

)−1
orthogonal planing
when XT

NXN is diagonal (active experiment)

1.1. Optimality of aN in LUE class

LUE class
{αN : αN =MNYN , EαN = a

∗, MN —deterministic}
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expected value
EαN = EMNYN = EMNXNa

∗ + EMNZN conclusion: MNXN = I

covariance matrix

cov(αN) = E
{
MNZNZ

T
NM

T
N

}
=MN

(
EZNZ

T
N

)
MT
N

cov(αN) = σ2zMNM
T
N

we will prove that
cov(aN) 6 cov(αN)

what means "6 ”

Definicja 1 Matrix A ∈ Rn,n is nonnegative definite (i.e. A > 0), if for each vector w = Rn it holds that

wTAw > 0

Twierdzenie 1 Matrix of the for AAT is nonnegative for any A.

let us pu A =MN − LN

(MN − LN)(MN − LN)T = (MN − LN)(MT
N − LTN) =MNM

T
N −MNL

T
N − LNMT

N + LNL
T
N = (∗ ∗ ∗)

and notice that

MNL
T
N = MNXN

(
XT
NXN

)−1
= I

(
XT
NXN

)−1
=
(
XT
NXN

)−1
= LNL

T
N

LNM
T
N = (MNL

T
N)

T = LNL
T
N

hence
(∗ ∗ ∗) =MNM

T
N − LNLTN

and by above theorem we get

MNM
T
N − LNLTN > 0 / · σ2z

cov(αN)− cov(aN) > 0
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