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Abstract. In the paper we recover a Hammerstein system nonlinearity.
Hammerstein systems, incorporating nonlinearity and dynamics, play an
important role in various applications, and e¤ective algorithms determin-
ing their characteristics are not only of theoretical but also of practical
interest. The proposed algorithm is quasi-parametric, that is, there are
several parametric model candidates and we assume that the target non-
linearity belongs to the one of the classes represented by the models. The
algorithm has two stages. In the �rst, the neural network is used to re-
cursively �lter (estimate) the nonlinearity from the noisy measurements.
The network serves as a teacher/trainer for the model candidates, and
the appropriate model is selected in a simple tournament-like routine.
The main advantage of the algorithm over a traditional one stage ap-
proach (in which models are determined directly from measurements),
is its small computational overhead (as computational complexity and
memory occupation are both greatly reduced).
Keywords: system identi�cation, structure detection, Hammerstein sys-
tem, wavelet neural network

1 Introduction

1.1 Types of knowledge. Classi�cation of approaches

In the paper we propose the cooperation between parametric and nonparamet-
ric methods for system modeling. The term �parametric�means that estimated
nonlinearity can be described with the use of �nite number of parameters. The
nonparametric approach is applied for smart selection of the best parametric
model of nonlinear characteristic from a given �nite class of models. In section 2
the problem is formulated in detail and the relation between the regression func-
tion and the static characteristic of Hammerstein system is discussed. In section
4 we present the nonparametric method for regression estimation, and next in
section 3 the parametric nonlinear least-squares for the regression approxima-
tion in Hammerstein system is introduced. The above two di¤erent approaches
are combined in section 5. First, nonparametric estimates are continuously (re-
cursively) computed from the learning pairs on the grid of N0 input points and



support selection of one from competing models. The parameters of the best
model in the selected class are then obtained by the nonlinear least squares, and
broad variety of optimization algorithms (also soft methods, e.g. genetic, tabu
search, simulated annealing, particle swarming) can be applied in this stage,
depending on the speci�cs of the optimization criterion. If the resulting para-
metric approximation is not satisfying, and the number of measurements is large
enough, the residuum between the system output and the model output is used
for its nonparametric re�nement.

1.2 Contribution

The contribution of the paper is the following.

� the idea of the regression-based approach to parametric identi�cation of non-
linear characteristic in Hammerstein system is introduced, and models which
are not linear in the parameters are admitted in general,

� the proposed identi�cation methods work under uncertain knowledge about
the parametric representation of the static nonlinear characteristic,

� the method of fast recursive nonparametric recognition/selection of the true
formula from a given set of parametric models is proposed.

2 Statement of the problem

2.1 Class of systems

The Hammerstein system is built of a static non-linearity, �(), and a linear dy-
namics, with the impulse response fig1i=0, connected in a cascade and described
by the following set of equations: yk = vk + zk; vk =

P1
i=0 iwk�i; wk = �(uk),

or equivalently

yk =
1X
i=0

i�(uk�i) + zk, (1)

where uk and yk denote the system input and output at time k, respectively,
and zk is the output noise (see Fig.1)

ku ky
kz

kw( )⋅μ { } 0i i
γ ∞

=
kv

Fig. 1. The identi�ed Hammerstein system



2.2 Assumptions / a priori knowledge

1. The input signal fukg is for k = :::;�1; 0; 1; ::: an i.i.d. bounded random
process jukj 6 umax, some umax > 0, and there exists a probability density
of uk, say �(u).

2. The nonlinear characteristic �(u) is a bounded function on the interval
[�umax; umax], i.e.

j�(u)j 6 wmax (2)

where wmax is some positive constant.
3. The linear dynamics is an asymptotically stable IIR �lter

vk =
1X
i=0

iwk�i (3)

with the unknown impulse response fig1i=0 (such that
P1

i=0 jij <1).
4. The output noise fzkg is a random, arbitrarily correlated process, governed
by the general equation

zk =
1X
i=0

!i"k�i (4)

where f"kg, k = :::;�1; 0; 1; :::, is a bounded stationary zero-mean white
noise (E"k = 0, j"kj 6 "max), independent of the input signal fukg, and
f!ig1i=0 is unknown;

P1
i=0 j!ij < 1. Hence the noise fzkg is a stationary

zero-mean and bounded process jzkj 6 zmax, where zmax = "max
P1

i=0 j!ij.
5. �(u0) is known at some point u0 and 0 = 1.

As it was explained in detail in [1] and [2], the input-output pair (u0; �(u0))
assumed to be known can refer to arbitrary u0 2 [�umax; umax], and hence we
shall further assume for convenience that u0 = 0 and �(0) = 0, without loss of
generality.

2.3 Preliminaries

A fundamental meaning for the methods elaborated in this paper has the de-
pendence between the regression and the nonlinear characteristic

R(u) = Efykjuk = ug = 0�(u) + d where d = E�(uk) �
X
i>0

i = const .

Since under assumption �(0) = 0, it holds that R(0) = d and

R(u)�R(0) = 0�(u) (5)

The equivalence (5) allows to recover the nonlinear characteristic �() under
lack of prior knowledge about the linear dynamic subsystem. This observation
was successfully utilized in eighties by Greblicki and Pawlak in nonparametric



methods, when the parametric form of �() is also unknown, but was never ex-
plored in parametric identi�cation framework, when some prior knowledge of
only �() is given.
In this paper we show that the regression-based approach to nonlinearity re-

covering in Hammerstein system can also be applied when some, even uncertain,
parametric prior knowledge of the static characteristic is given.

3 Parametric approximation of the regression function

The methods presented in section 4 recover the true regression function from
the input-output measurements. Here we accept the parametric class of model
and try to �nd the best approximation in this class.

3.1 Regression-based parametric approach

In the traditional (purely parametric) approach we suspect that the nonlinear
characteristic �(u) can be well approximated by the model from the given class

�(u; c), (6)

where c = (c1; c2; :::; cm)
T includes �nite number of parameters. The function

�(u; c) is assumed to be di¤erentiable with respect to c. Let c� = (c�1; c
�
2; :::; c

�
m)

T

be the best choice of c in the sense that

c� = argmin
c
E (�(u)� �(u; c))2 . (7)

Further, we will explore the generalized version of (6)

�(u; #) = c��(u; c) + c� ,

where # =
�
cT ; c�; c�

�T
is the extended model vector enriched with the scale c�

and the o¤set c� . Obviously for c� = 1 and c� = 0 equation (7) can be rewritten
in the form

argmin
#
E (�(u)� �(u; #))2 =

�
c�T ; 1; 0

�T , #�. (8)

Remark 1. For functions which are linear in the parameters and has additive
constant the classes �(u; c) and �(u; #) are indistinguishable. For example the
polynomial model of order m (see [3])

�(u; c) = cmu
m�1 + :::+ c2u+ c1

leads to the same class of

�(u; #) = c�cmu
m�1 + :::+ c�c2u+ c�c1 + c� .

Remark 2. If E (�(u)� �(u; #))2 is minimized by
�
c�T ; 1; 0

�T
, then E

�
R(u)�R(u; �)

�2
is minimized by

�
c�T ; 0; d

�T
.



3.2 Approximation

By rewriting (1) in the form yk = 0�(uk) +
P1

i=1 i�(uk�i) + zk; and taking
into account that R(uk) = 0�(uk) +

P1
i=1 iE�(u1); we obtain the equivalent

(cardinal) description yk = R(uk)+ �k of the Hammerstein system, in which the
total noise

�k , yk �R(uk) =
1X
i=1

i (�(uk�i)� E�(u1)) + zk

is zero-mean (E�k = 0) and independent of uk. We want to �nd the vector �
�

for which the model R(uk; �) �ts to data the best, in the sense of the following
criterion

E
�
yk �R(uk; �)

�2
= var �k + E

�
R(uk)�R(uk; �)

�2
. (9)

From (9) we conclude that

argmin
�
E
�
yk �R(uk; �)

�2
= argmin

�
E
�
R(uk)�R(uk; �)

�2
,

which is fundamental for the least squares approximation

b�N = argmin
�

NX
k=1

�
yk �R(uk; �)

�2
.

4 Nonparametric neural network trainer/teacher

To evaluate bRN (u) we use a neural network, denoted further by Rk(u), and
based on either radial basis [4�6], [7, Ch. 17] and [8, 9], or wavelet [10�12, 7, Ch.
18], or classic kernel [13, 7, Ch. 5] regression function estimates.
For each pair of the learning sequence, (uk; yk), k = 1; 2; : : :, and for each

point u from some training set fuegN0

e=1, the network learning formula is given
recursively as:

R̂k (u) = R̂k�1 (u) +

correctionz }| {
�k (u)| {z }
weight

�
h
yk � R̂k (u)

i
| {z }

error

; for all u = ue; (10)

where (we take 0=0 = 0 when necessary)

�k (u) =
�k (u)

f̂k (u)
with f̂k (u) = f̂k�1 (u) + �k (u)

and where �k (u) is a shorthand of the selected kernel function �K(k) (u; uk), and

where, �nally, f̂k (u) is the recursive estimate of the density of the inputs in the
learning sequence. The initial conditions are R̂0 (u) = f̂0 (u) = 0). The following
lemma characterizes the limit properties of the proposed neural network; cf. [14].



Lemma 1. Let the nonlinearity R (u) and the input signal density function have
b�Rc and b�fc derivatives, respectively (for some �R; �f > 0). If the kernel
function �K(k) (u; v) has p vanishing moments and its bandwidth parameter is

governed by the rule K (k) = (2� + 1)�1 log2 k; where � = min f�R; �f ; pg, then,
in all training points u 2 fuegN0

e=1 the network error vanishes and���R̂k (u)�R (u)��� = O �k��=(2�+1)� , in probability. (11)

Proof. See [15] for the proof in case of wavelet network and [14] for the proof for
other networks.

5 Model training and competition

Let�s split the set of training set fueg into two disjoint parts containing fulg
and futg, being the learning and testing points, respectively. After each new
measurement arrival and application of the recursive update procedure (10))

the training/testing routine is performed on the models
n
R
(l)
(u; �l)

o
.

In this phase, the models are trained, i.e. their parameters f�Mg are evalu-
ated using learning part, fulg ; of the training points set fueg.

Remark 3. The evaluation routine is particularly simple when the models are
linear in parameters and the functions the model is built upon are pairwise
orthogonal. Then it actually reduces to solving the linear equation system.

Each model R
(l)
(u; �l) collects its own number of winsWl. The following two

strategies can be now used to model the nonlinearity � (u):

1. the winner-take-all approach, in which the model with the largest number of
wins Wl is selected as the model of the nonlinearity (the "winner-takes-all"
approach), i.e.

R (u; �) = R
(lmax)

(u; �lmax) , such that lmax = max
l
fWlg

or
2. the soft approach, in which a convex combination of the models is used as
the nonlinearity model, i.e.

R (u; �) =
MX
l=1

wl �R
(l)
(u; �l)

where wl =Wl=k. Clearly,
PM

l=1 wl = 1.

The following theorem describes the limit properties of the proposed model
selection algorithm:



Theorem 1. If the neural network trainer R̂k (u) converges to the nonlinearity
R (u) in all points of the training set, fxeg, then the proposed smart model selec-
tion algorithm picks (in probability) eventually the best model of the nonlinearity.

Proof. The proof is immediate. The neural network trainer R̂k (u) approaches the

actual nonlinearity R (u) by virtue of the Lemma 1. Since each model R
(l)
(u; �l)

is evaluated to minimize the distance (the error) between models and the esti-
mate, then the convergence rate is determined by the estimate rate, otherwise,
the best model converges to the best approximation of the nonlinearity with the
same rate.

The theorem says that in both winner-takes-all and soft strategy, the best
nonlinearity model is chosen. Indeed, one can expect that with the growing
size of the processed learning sequence pairs (uk; yk) the neural network trainer
becomes the better-and-better estimate of the unknown nonlinearity, and hence
the model closest to the estimate is simultaneously the closest to the nonlinearity,
and eventually it �overwhelms� its rivals. With the number of learning pairs
growing to in�nity, the weight, wl, of this model tends to 1 (and the weights of
other vanishes).

Remark 4. Clearly, the training set needs to be split into learning and testing
parts. If, for instance, we had used use the same set for learning and testing we
would have obtained the zero error (the best match) for all models. Consider
for example three models utilizing the �rst N0 = 2�; � = 1; 2; : : : ; terms of the
Haar wavelet, Fourier trigonometric or Legendre polynomial orthogonal series.
Assume now that the fxlgN0

l=1 are equidistant, i.e. they form a binary grid. In
such a setting, all these series are orthogonal bases on such a discrete grid and
hence are able to represent exactly (recover) any function de�ned in training
points fxlg.

6 Simulation example

The experiment illustrated the algorithm performance for small samples sizes.
As the Hammerstein system nonlinearity � (u), a polynomial of order eight was
selected. The dynamic system was a discrete damped oscillator with the impulse
response �i = (�1=2)�i. Both the system input and the external noise was
uniform. The input signal range was [0; 1] and the noise amplitude was set so
that SNR = maxk jzkj =maxu2[0;1] j� (u)j = 10%:
The network trainer �̂k (u) was based on Daubechies wavelets with p = 5

vanishing moments and used the practical bandwidth selection rule K (k) =
1=3 log2 k; cf. 1. Three classes �based on either the Haar, Fourier and Legendre
functions (with eight parameters each) were employed. During the 256 tourna-
ments (performed after each arrival of packages of 32 learning pairs (uk; yk)),
the models were trained in N0 = 64 equidistant points. The competition phase
took place in another Nt = 64 points.



0

50

100

150

0 2048 4096 6144 8192

Fourier model (F)

Haar model (H)

Legendre model (L)

0

3

6

9

12

(F) (H) (L)

‐2

‐1

0

1

2

0 0.2 0.4 0.6 0.8 1

Hammerstein system nonlinearity

Fourier model (F)

Haar model (H)

Legendre model (L)

Final penalties

Fig. 2. The results of the competition between Fourier, Haar and Legendre models.
Note that the winner (the Legendre model) had the higher �nal penalty than the
Fourier one (left). The nonlinearity diagram against the models (right). The gray strips
show the �unfair� boundaries excluded from the competitions to avoid the boundary
problem in�uence

The experiments con�rm in general our theoretical �ndings showing also
some (natural) disparities between the limit properties and the small sample
size ones. In particular, they reveal that:

�The neural network estimate should have the shape resembling neither of
the model shapes. This is because, for the small learning data sets, the
nonlinearity approximation abilities of the estimate are quite poor (as only
a few expansion terms are active). Hence, initially, the estimate exhibits the
shapes of its basis functions rather than the actual shape of the nonlinearity,
viz., the models "learn" the estimate artifacts in lieu of the nonlinearity
shape.

�The above argument suggest also that, especially when k is small or moder-
ate, one should prefer the approximation-based (averaging) schemes rather
than interpolation-based ones to train the models.

� If the model classes are similar (like, in our example, the Fourier and Legen-
dre ones), then, initially, the discrimination can be di¢ cult as well.

Remark 5. Instead of collecting the models winnings, one can sum up their train-
ing errors (penalties). However, when k is small, the models errors are typically
variance-induced and greater by orders of magnitude than their small and mainly
of an approximation nature errors occurring for large k, and this model selection
algorithm can longer than the proposed one be misled by the erroneous initial
results.

7 Final remarks

In the paper we proposed the new algorithms which combines the parametric
and nonparametric approaches to recover the Hammerstein system nonlinear-
ity under quasi-parametric prior knowledge. The nonparametric neural network



trainer is used �rst to �lter (smooth) the noisy learning sequence, and then to
train the model candidates. In the competition phase, the winner is the model
which matches best the neural network trainer.
It is shown that in the proposed winner-take-all approach, the model which

collects the largest number of wins, is selected as the nonlinearity model. Other-
wise, in the alternative soft strategy, the convex combination of all competitor
models is taken as the model. Note, however, that asymptotically both strategies
lead to the selection of the single model.
One can point out the following advantages of the algorithm:

1. No need of storing the measurements in memory.
2. Fast model training �the random learning points are replaced by the deter-
ministic ones, i.e., the active experiment techniques (e.g. orthogonal plans)
can be used in model training in place of the passive ones.

3. Flexible model selection routine �the examine routines, i.e. the model com-
petitions can be performed in the user-de�ned regions of interests, e.g. in
the working points.

4. The list of model candidates can be open � the new models can join the
competition at any time (with a "wild card"), and win, if they are actually
the proper ones �since all the information about the nonlinearity used to
train the models is maintained by the neural network trainer.

Clearly, there are also some weaknesses:

1. The main disadvantage of the proposal consists in its slower convergence
rate. It is of nonparametric order, O(k�1=2+); where  = 1=2 (2� + 1), and
in fact, is a toll we pay for a smaller prior knowledge. Recall however (cf.
(11) in the Lemma 1) that, in general, � grows with the smoothness of the
nonlinearity. That is, the smoother the nonlinearity, the smaller , and the
convergence rate is closer to the typical parametric rate O(k�1=2).

2. The set of model class candidates has to be complete in the sense that the
nonlinearity has to belong to the one of them. Otherwise, the nonlinearity
can be of any shape and neither model considered in the section 3.2 can be
its reasonable approximation.

If the a priori knowledge is nonparametric we cannot guarantee that any
model class matches the target nonlinearity. Then one should use a semipara-
metric approach, in which the true nonlinearity can be recovered even if the
prior model is incorrect; see [3, 16]. This technique allows avoiding the most pes-
simistic scenario, when e.g. the nonlinearity is orthogonal to each model classes,
and its representations (even the best approximation; cf. Section 3.2) in theses
classes are merely worthless.

Remark 6. The algorithm can also be seen as a pattern recognition algorithm
classifying the system nonlinearity to the one of the prede�ned model classes.
The wavelet neural network trainer plays there a role of the raw learning data
preprocessor and the tournament routine is an implementation of a nearest-
neighbor algorithm; cf. [17].
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