
Chapter 8

Parametric Versus Nonparametric Approach to
Wiener Systems Identification

Grzegorz Mzyk

8.1 Introduction to Wiener System

The problem of nonlinear dynamic systems modelling by means of block-oriented

models has been strongly elaborated for the last four decades, due to vast variety of

applications. The concept of block-oriented models assumes that the real plant, as

a whole, can be treated as a system of interconnected blocks, static nonlinearities

(N) and linear dynamics (L), where the interaction signals cannot be measured. The

most popular in this class are two-element cascade structures, i.e., Hammerstein-

type (N-L), Wiener-type (L-N), and sandwich-type (L-N-L) representations. Par-

ticularly, since in the Wiener system (Figure 8.1) the nonlinear block is preceded

by the linear dynamics and the nonlinearity input is correlated, its identification

is much more difficult in comparison with the Hammerstein system. However the

Wiener model allows for better approximation of many real processes. Such difficul-

ties in theoretical analysis forced the authors to consider special cases, and to take

somehow restrictive assumptions on the input signal, impulse response of the linear

dynamic block and the shape of the nonlinear characteristic. In particular, for Gaus-

sian input the problem of Wiener system identification becomes much easier. Since

the internal signal {xk} is then also Gaussian, the linear block can be simply identi-

fied by the cross-correlation approach, and the static characteristic can be recovered

e.g. by the nonparametric inverse regression approach ([14]-[16]). Non-Gaussian

random input is very rarely met in the literature. It is allowed e.g. in [38], but the

algorithm presented there requires prior knowledge of the parametric representation

of the linear subsystem. Most of recent methods for Wiener system identification

assumes FIR linear dynamics, invertible nonlinearity, or require the use of specially

designed input excitations ([2], [12]).
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Fig. 8.1: Wiener system

In the chapter we compare and combine two kinds of methods, parametric ([1],

[2], [5]-[12], [27]-[32], [39]-[43], [45], [47], [48]) and nonparametric ([14]-[26],

[33]-[38], [44]). The method is called ’parametric’ if both linear and nonlinear sub-

systems are described with the use of finite number of unknown parameters, e.g.

when FIR linear dynamic model and polynomial characteristic with known orders

are assumed. The popular parametric methods elaborated for Wiener system iden-

tification are not free of the approximation error and do not allow full decentralisa-

tion of the identification task of complex system. Moreover the theoretical analysis

of identifiability, and convergence of parametric estimates remains relatively diffi-

cult. On the other hand, nonparametric approach offers simple algorithms, which

are asymptotically free of approximation error, i.e. they converge to the true sys-

tem characteristics. However, the purely nonparametric methods are not commonly

exploited in practice for the following reasons: (i) they depend on various tuning pa-

rameters and functions; in particular, proper selection of kernel and the bandwidth

parameter or orthonormal basis and the scale factor are critical for the obtained re-

sults, (ii) the prior knowledge of subsystems is completely neglected; the estimates

are based on measurements only, and the resulting model may be not satisfactory

when the number of measurements is small, and (iii) bulk number of estimates must

be computed when the model complexity grows large.

In Section 8.2 we recollect the traditional parametric least-squares method for

Wiener system identification and discuss its weak points. Next, in Section 8.3, we

present several purely nonparametric methods, i.e., correlation-based estimate of

the linear dynamics, kernel estimate of the inverse regression, and a censored sam-

ple mean approach to nonlinearity recovering. Finally, selected parametric and non-

parametric methods are combined and the properties of the proposed two-stage pro-

cedures are discussed in Section 8.4.

8.2 Nonlinear Least Squares Method

The discrete-time Wiener system, i.e. the linear dynamics with the impulse response{
λ j

}∞

j=0
, connected in the cascade with the static nonlinear block characterised by

µ(), is described by the following equation

yk = µ

(
∞

∑
j=0

λ juk− j

)
+ zk,
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where uk, yk, and zk are the input, output and the random disturbance, respectively.

The goal of identification is to recover both elements, i.e.
{

λ̂ j

}∞

j=0
and µ̂(x) for

each x ∈ R, using the set of input-output measurements {(uk,yk)}N
k=1. In the tradi-

tional (parametric) approach we also assume finite dimensional functionals, e.g. the

ARMA-type dynamic block

xk + a∗1xk−1 + ...+ a∗rxk−r = b∗0uk + b∗1uk−1 + ...+ b∗suk−s,

xk = φT
k θ ∗, (8.1)

φk = (−xk−1, ...,−xk−r,uk,uk−1, ...,uk−s)
T

,

θ ∗ = (a∗1, ...,a
∗
r ,b
∗
0,b
∗
1, ...,b

∗
s )

T
,

and given formula µ(x,c∗) = µ(x) including finite number of unknown true pa-

rameters c∗ = (c∗1,c
∗
2, ...,c

∗
m)

T . Respective Wiener model is thus represented by

r+(s+ 1)+m parameters, i.e.,

xk , φ
T

k θ , and xk = 0 for k 6 0,

where φ
T

k = (−xk−1, ...,−xk−r,uk,uk−1, ...,uk−s)
T

, (8.2)

θ = (a1, ...,ar,b0,b1, ...,bs)
T

,

and y(x,c) = µ(x,c), where c = (c1,c2, ...,cm)
T .

If the assumed model (8.2) agrees with the true system description (8.1), then

the results of identification can be significantly improved in comparison with the

nonparametric approach, particularly, if the number of measurements is small. On

the other hand, the risk of bad parametrisation and existence of systematic approxi-

mation error must be taken into account together with the warranty of the parameter

estimates converge. If xk had been accessible for measurements then the true system

parameters could have been estimated by the following minimisation

θ̂ = argmin
θ

N

∑
k=1

(xk− xk(θ ))
2

, ĉ = argmin
c

N

∑
k=1

(yk− y(xk,c))
2

. (8.3)

Here we assume that only the input-output measurements (uk,yk) of the whole

Wiener system are accessible, and the internal signal xk is hidden. This observa-

tion leads to the following nonlinear least squares problem

θ̂ , ĉ = argmin
θ ,c

N

∑
k=1

[yk− y(xk(θ ),c)]
2

, (8.4)

which is usually very complicated numerically. Moreover, uniqueness of the solu-

tion in (8.4) cannot be guaranteed in general, as it depends on both input distribution,

types of models, and values of parameters. Recent publications concerning applica-
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tion of neural networks or soft computing methods to Wiener system identification

problem do not include any theoretical analysis of convergence.

8.3 Nonparametric Identification Tools

The nonparametric approach to block-oriented system identification was introduced

in eighties by Greblicki and Pawlak ([20], [37]). For the system of Hammerstein

structure, the reverse connection described by the equation yH
k = ∑∞

j=0 γ jm(uk− j)+
zk, it was noticed that the input-output regression function is equivalent to nonlinear

static characteristic, up to some scale and offset factors

R(u), E
(
yH

k+l |uk = u
)
= γlm(u)+∑

j 6=l

γ jEm(u1).

Since then, two kinds of nonparametric methods have been examined – first, based

on the kernel regression estimation, and second, employing the orthogonal series

expansion of the nonlinearity. Also the cross-correlation method was proposed for

estimation of the impulse response of linear dynamic block in Hammerstein sys-

tem. The analogous ideas was also applied by Greblicki for a class of Wiener sys-

tems, with Gaussian input and locally invertible characteristics [16]. Respective al-

gorithms are shortly reminded in Sections 8.3.1 and 8.3.2. In Section 8.3.3 we in-

troduce and analyse a new kind of nonlinearity estimate in Wiener system, which

works under the least possible prior knowledge, i.e. under non-Gaussian input, IIR

linear dynamics and any continuous, but not necessary invertible, static characteris-

tic.

8.3.1 Inverse Regression Approach

Assume that the input uk and the noise εk are white Gaussian, mutually independent

processes with finite variances σ2
u ,σ

2
ε < ∞, the noise εk is zero-mean, i.e. Eεk = 0,

and the output measurement noise zk is not present, i.e. yk = yk. The nonparametric

estimation of the inverted regression relies on the following lemma.

Lemma 8.1. [21] If µ() is invertible then for any y ∈ µ(R) it holds that

E
(
uk|yk+p = y

)
= αpµ−1(y) (8.5)

where αp = λp
σ 2

u

σ 2
v

.

Since for any time lag p, the µ−1(y) can be identified only up to some multiplica-

tive constant αp, let us denote, for convenience, v(y) = αpµ−1(y). The nonparamet-

ric of v(y) has the form
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v̂(y) =
∑N

k=1 ukK(
y−yk+p

h(N) )

∑N
k=1 K(

y−yk+p

h(N) )
, (8.6)

where K() and h(N) is a kernel function and bandwidth parameter, respectively. The

following theorem holds.

Theorem 8.1. [21] If µ() is invertible, K() is Lipschitz and such that c1H(|y|) 6
K(y) 6 c2H(|y|) for some c1 and c2, where H() is nonnegative and non-increasing

function, defined of [0,∞), continuous and positive at t = 0, and such that tH(t)→ 0

as t→ ∞, then for h(N)→ 0 and Nh2(N)→ ∞ as N→ ∞ it holds that

v̂(y)→ v(y) in probability as N→ ∞, (8.7)

at every point y, in which the probability density f (y) is positive and continuous.

The rate of convergence in (8.7) depends on the smoothness of the identified

characteristic and is provided by the following lemma.

Lemma 8.2. [21] Let us define g(y) , v(y) f (y) and denote v(y) = g(y)
f (y)

. If µ−1(),

f () and g() have q bounded derivatives in a neighbourhood of y, then

|v̂(y)− v(y)|= O
(

N
− 1

2+
1

2q+2

)
in probability.

e.g. O(N−1/4) for q = 1, O(N−1/3) for q = 2, and O(N−1/2) for q large.

In [16] and [19], the estimate (8.6) was generalised for the larger class of Wiener

systems, admitting the “locally invertible” nonlinear static blocks and correlated

excitation. The strongest limitation of the inverse regression approach is thus as-

sumption about the Gaussianity of the input signal.

8.3.2 Cross-correlation Analysis

The nonparametric identification of the linear dynamic block is based on the follow-

ing property.

Lemma 8.3. [21] If E |vkµ(vk)|< ∞ then

E
{

ukyk+p

}
= β λp,

where β = σ 2
u

σ 2
v

E {vkµ(vk)}.

Since λp can be identified only up to some multiplicative constant β , let us de-

note, for convenience, κp , β λp, and consider its natural estimate of the form
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κ̂p =
1

N

N

∑
k=1

ukyk+p. (8.8)

Theorem 8.2. [21] If µ() is the Lipschitz function, then

lim
N→∞

E (κ̂p−κp)
2
= O

(
1

N

)
. (8.9)

Consequently, when the stable IIR linear subsystem is modelled by the filter with

the impulse response κ̂0, κ̂1, ..., κ̂n(N), then it is free of the asymptotic approximation

error if n(N)→ ∞ and n(N)/N→ 0 as N→ ∞.

8.3.3 A Censored Sample Mean Approach

In this section we assume that the input {uk} is an i.i.d., bounded (|uk| < umax; un-

known umax < ∞), but not necessary Gaussian random process. There exists a prob-

ability density of the input, ϑu(uk) say, which is a continuous and strictly positive

function around the estimation point x, i.e., ϑu(x) > ε > 0. The unknown impulse

response {λ j}∞
j=0 of the linear IIR filter is exponentially upper bounded, that is

∣∣λ j

∣∣6 c1λ j, some unknown 0 < c1 < ∞, (8.10)

where 0 < λ < 1 is an a priori known constant. The nonlinearity µ(x) is an arbi-

trary function, continuous almost everywhere on x ∈ (−umax,umax) (in the sense of

Lebesgue measure). The output noise {zk} is a zero-mean stationary and ergodic

process, which is independent of the input {uk}. For simplicity of presentation we

also let L , ∑∞
j=0 λ j = 1 and umax = 1

2
. We note that the members of the family

of Wiener systems composed by series connection of linear filters with the impulse

responses {λ j} = { λ j

c2
}∞

j=0 and the nonlinearities µ(x) = µ(c2x) are, for c2 6= 0,

indistinguishable from the input-output point of view. In consequence, the charac-

teristic µ() can be recovered in general only up to some domain scaling factor c2,

independently of the applied identification method. Observe that, in particular, for

the FIR linear dynamics, the condition (8.10) is fulfilled for arbitrarily small con-

stant λ > 0. Moreover, it holds that |xk| < xmax < ∞, where xmax , umax ∑∞
j=0

∣∣λ j

∣∣.
Since ∑∞

j=0

∣∣λ j

∣∣ > L and L = 1, thus the support of the random variables xk, i.e.

(−xmax,xmax), is generally wider than the estimation interval x ∈ (−umax,umax). We

introduce and analyse the nonparametric estimate of the part of characteristic µ(x),
for x∈ (−umax,umax), and next we expand the obtained results for x∈ (−xmax,xmax),
when the parametric knowledge of µ() is provided.

Let x be a chosen estimation point of µ(·). For a given x let us define a “weighted

distance” between the measurements uk,uk−1,uk−2, ...,u1 and x as
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δk(x),
k−1

∑
j=0

∣∣uk− j− x
∣∣λ j = |uk− x|λ 0 + |uk−1− x|λ 1 + ...+ |u1− x|λ k−1, (8.11)

i.e. δ1(x) = |u1− x|, δ2(x) = |u2− x|+ |u1− x|λ , δ3(x) = |u3− x|+ |u2− x|λ +
|u1− x|λ 2, etc., which can be computed recursively as follows

δk(x) = λ δk−1(x)+ |uk− x| . (8.12)

Under above assumptions we obtain

|xk− x|=
∣∣∣∣∣

∞

∑
j=0

λ juk− j−
∞

∑
j=0

λ jx

∣∣∣∣∣=
∣∣∣∣∣

∞

∑
j=0

λ j

(
uk− j− x

)
∣∣∣∣∣=

=

∣∣∣∣∣
k−1

∑
j=0

λ j

(
uk− j− x

)
+

∞

∑
j=k

λ j

(
uk− j− x

)
∣∣∣∣∣6

6
k−1

∑
j=0

∣∣λ j

∣∣ ∣∣uk− j− x
∣∣+ 2umax

∞

∑
j=k

∣∣λ j

∣∣6 δk(x)+
λ k

1−λ
, ∆k(x). (8.13)

Observe that if in turn

∆k(x)6 h(N), (8.14)

then the true (but unknown) interaction input xk is located close to x, provided that

h(N) (further, a calibration parameter) is small. The distance given in (8.13) may

be easily computed as the point x and the data uk,uk−1,uk−2, ...,u1 are each time at

ones disposal. In turn, the condition (8.14) selects k’s for which the input sequences

{uk,uk−1,uk−2, ...,u1} are such that the true nonlinearity inputs {xk} surely belong

to the neighbourhood of the estimation point x with the radius h(N). Let us also

notice that asymptotically, as k→ ∞, it holds that

δk(x) = ∆k(x), (8.15)

with probability 1.

Proposition 8.1. If, for each j = 0,1, ...,∞ and some d > 0, it holds that

∣∣uk− j− x
∣∣6 d

λ j
, (8.16)

then

|xk− x|6 d logλ d + d
λ

1−λ
. (8.17)

Proof. The condition (8.16) is fulfilled with probability 1 for each j > j0, where

j0 = ⌊logλ d⌋ is the solution of the following inequality

d

λ j
> 2umax = 1.
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Analogously as in (8.13), we obtain

|xk− x|6
j0

∑
j=0

λ j d

λ j
+

λ j0+1

1−λ
,

which yields (8.17).

We propose the following nonparametric kernel-like estimate of the nonlinear

characteristic µ() at the given point x, exploiting the distance δk(x) between xk and

x, and having the form

µ̂N(x) =
∑N

k=1 yk ·K
(

δk(x)
h(N)

)

∑N
k=1 K

(
δk(x)
h(N)

) , (8.18)

where K() is the window kernel function of the form

K(v) =





1, as |v|6 1

0, elsewhere
. (8.19)

Since the estimate (8.18) is of the ratio form we treat the case 0/0 as 0.

Theorem 8.3. If h(N) = d(N) logλ d(N), where d(N) = N−γ(N), and

γ(N) =
(

log1/λ N
)−w

, then for each w ∈
(

1
2
,1
)

the estimate (8.18) is consistent in

the mean square sense, i.e., it holds that

lim
N→∞

E (µ̂N(x)− µ(x))
2
= 0. (8.20)

Proof. Let us denote the probability of selection as p(N) , P(∆k(x)6 h(N)). To

prove (8.20) it suffices to show that (see (19) and (22) in [33])

h(N)→ 0, (8.21)

N p(N)→ ∞, (8.22)

as N → ∞. They assure vanishing of the bias and variance of µ̂N(x), respectively.

Since under assumptions of Theorem 8.3

d(N)→ 0⇒ h(N)→ 0, (8.23)

in view of (8.17), the bias-condition (8.21) is obvious. For the variance-condition

(8.22) we have

p(N)> P





min(k, j0)⋂

j=0

(∣∣uk− j− x
∣∣< d(N)

λ j

)
>
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> P





min(k, j0)⋂

j=0

(∣∣uk− j− x
∣∣< d(N)

λ j

)
=

j0

∏
j=0

P

(∣∣uk− j− x
∣∣< d(N)

λ j

)
>

> ε
d(N)

λ 0
· ε d(N)

λ 1
· ... · ε d(N)

λ j0
=

(εd(N)) j0+1

λ
j0( j0+1)

2

=

=

(
εd(N)

λ
j0
2

) j0+1

=
(

ε
√

d(N)
) j0+1

= ε ·d(N)
1
2 logλ d(N)+logλ ε+ 1

2 . (8.24)

By inserting d(N) = N−γ(N) = (1/λ )−γ(N) log1/λ N
to (8.24) we obtain

N · p(N) = ε ·N1−γ(N)( 1
2 γ(N) log1/λ N+logλ ε+ 1

2 ). (8.25)

For γ(N) =
(

log1/λ N
)−w

and w ∈
(

1
2
,1
)

from (8.25) we simply conclude (8.22)

and consequently (8.20).

To establish the asymptotic rate of convergence we additionally assume that the

nonlinear characteristic µ(x) is a Lipschitz function, i.e., it exists a positive constant

l < ∞, such that for each xa,xb ∈ R it holds that |µ(xa)− µ(xb)|6 l |xa− xb|.
For a window kernel (8.19) we can rewrite (8.18) as µ̂N(x) =

1
S0

∑
S0
i=1 y[i], where

[i]’s are indexes, for which K
(

δ[i](x)

h(N)

)
= 1, and S0 is a random number of se-

lected output measurements. For each y[i], i = 1,2, ...,S0, respective x[i] is such that∣∣∣x[i]
− x

∣∣∣6 h(N) and consequently

∣∣∣µ(x
[i]
)− µ(x)

∣∣∣6 lh(N),

which for Ezk = 0 leads to

|biasµ̂N(x)|=
∣∣Ey[i]− µ(x)

∣∣=
∣∣∣Eµ(x

[i]
)− µ(x)

∣∣∣6 lh(N),

bias2µ̂N(x) = O
(
h2(N)

)
. (8.26)

For the variance we have

varµ̂N(x) =
N

∑
n=0

P(S0 = n) ·var(µ̂N(x)|S0 = n) =
N

∑
n=1

P(S0 = n) ·var

(
1

n

n

∑
i=1

y[i]

)
.

Since, under strong law of large numbers and Chebychev inequality, it holds that

limN→∞ P(S0 > αES0) = 1 for each 0 < α < 1 (see [33]), we obtain asymptotically

varµ̂N(x) = ∑
n>αES0

P(S0 = n) ·var

(
1

n

n

∑
i=1

y[i]

)
(8.27)
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with probability 1. Taking into account that y[i] = y[i]+ z[i], where y[i] and z[i] are

independent random variables we obtain

var

(
1

n

n

∑
i=1

y[i]

)
= var

(
1

n

n

∑
i=1

y[i]

)
+ var

(
1

n

n

∑
i=1

z[i]

)
. (8.28)

Since the process
{

z[i]
}

is ergodic, under strong law of large numbers, it holds that

var

(
1

n

n

∑
i=1

z[i]

)
= O

(
1

N p(N)

)
= O

(
1

N

)
. (8.29)

The process {y[i]} is in general not ergodic, but in consequence of (8.14) it has

compact support [µ(x)− lh(N),µ(x)+ lh(N)] and the following inequality holds

var

(
1

n

n

∑
i=1

y[i]

)
6 vary[i] 6 (2lh(N))2

. (8.30)

From (8.27), (8.28), (8.29) and (8.30) we conclude that

varµ̂N(x) = O(h2(N)), (8.31)

which in view of (8.26) leads to

|µ̂N(x)− µ(x)|= O(h2(N)) (8.32)

in the mean square sense. A relatively slow rate of convergence, guaranteed in

a general case, for h(N) as in Theorem 8.3, is a consequence of small amount

of a priori information. We emphasise that for, e.g., often met in applications

piecewise constant functions µ(x), it exists N < ∞, such that bias2µ̂N(x) = 0 and

var
(

1
n ∑n

i=1 y[i]

)
= 0 for N >N, and consequently |µ̂N(x)− µ(x)|=O( 1

N
) as N→∞

(see (8.29)).

8.4 Combined Parametric-Nonparametric Approach

The idea of the combined parametric-nonparametric approach to system identifica-

tion was introduced by Hasiewicz and Mzyk in [24], and continued in [25], [33],

[35], and [38]. The algorithms decompose the complex system identification task

on independent identification problems for each components. The decomposition

is based on the estimation of interaction inputs xk. Next, using the resulting pairs

(uk, x̂k) and (x̂k,yk), both linear dynamic and static nonlinear subsystems are iden-

tified separately. In the contrary to Hammerstein system, where xH
k = m(uk) may

be estimated directly by any regression estimation method, for Wiener system the
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situation is more complicated as xk = ∑∞
j=0 λ juk− j, and the impulse response of the

linear dynamics must be estimated first, to provide indirect estimates of xk.

8.4.1 Kernel Method with the Correlation-Based Internal Signal

Estimation

Here we assume that the input uk is white and Gaussian, the nonlinear characteristic

µ() is bounded by polynomial of any finite order, cov(u1,y1) 6= 0, and the linear

dynamics is FIR with known order s, i.e. xk = ∑s
j=0 λ juk− j.

Observe that E{yk|xk = x} = µ(x). Since the internal signal xk cannot be mea-

sured, the following kernel regression estimate is proposed (see [44])

µ̂(x) =
∑N

k=1 ykK
(

x−x̂k

h(N)

)

∑N
k=1 K

(
x−x̂k

h(N)

) , (8.33)

where x̂k is indirect estimate of β xk (i.e. scaled xk)

x̂k =
s

∑
j=0

κ̂ juk− j

based on the input-output sample correlation (see (8.8)). The following theorem

holds.

Theorem 8.4. [44] If K() is Lipschitz then µ̂(x)→ µ(x/β ) in probability as N→∞.

Moreover, if both µ() and K() are twice differentiable, then it holds that

|µ̂(x)− µ(x/β )|= O
(

N−
2
5
+ε
)

(8.34)

for any small ε > 0, provided that h(N)∼ N−1/5.

In practise, due to assumed Gaussianity of excitations, the algorithm (8.34) is

rather recommended for the tasks, in which the input process can be freely gener-

ated.

8.4.2 Identification of IIR Wiener Systems with Non-Gaussian

Input

The presented kernel-type algorithm (8.18) is applied in this section to support es-

timation of parameters, when our prior knowledge about the system is large, and in

particular, the parametric model of the characteristic is known.
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Assume that we are given the class µ(x,c), such that µ(x) ⊂ µ(x,c), where

c = (c1,c2, ...,cm)
T , i.e. for the vector of true parameters c∗ = (c∗1,c

∗
2, ...,c

∗
m)

T it

holds that µ(x,c∗) = µ(x). Let moreover the function µ(x,c) be by assumption dif-

ferentiable with respect to c, and the gradient▽cµ(x,c) be bounded in some convex

neighbourhood of c∗ for each x. We assume that c∗ is identifiable, i.e., there exists

such a sequence x(1),x(2), ...,x(N0) of estimation points, that

µ(x(i),c) = µ(x(i)), i = 1,2, ...,N0 =⇒ c = c∗.

The proposed estimate has two steps.

Step 1. For the sequence x(1),x(2), ...,x(N0) compute N0 pairs

{(
x(i), µ̂N(x

(i))
)}N0

i=1
,

using the estimate (8.18).

Step 2. Perform the minimisation of the cost-function

QN0,N(c) =
N0

∑
i=1

(
µ̂N(x

(i))− µ(x(i),c)
)2

,

with respect to the variable vector c, and take

ĉN0,N = argmin
c

QN0,N(c) (8.35)

as the estimate of c∗.

Theorem 8.5. Since in Step 1 (nonparametric) for the estimate (8.18) it holds that

µ̂N(x
(i))→ µ(x(i)) in probability as N→ ∞ for each i = 1,2, ...,N0, thus

ĉN0,N → c∗

in probability, as N→ ∞.

Proof. The proof is analogous to that of Theorem 1 in [25].

8.4.3 Recent Ideas

The interesting new attempt to the impulse response estimation of the linear block in

Wiener system is presented in [44]. It is assumed that the input probability density

f (u) has compact support, both µ() and f () have continuous derivatives, and the

linear dynamics is FIR with known order s. We emphasise that similarly as in the

correlation-based algorithm (see Section 8.3.2) the characteristic µ() need not to be

invertible and moreover the input density is not assumed to be Gaussian. The idea

follows from the chain rule. Introducing the vectors
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uk = (uk,uk−1, ...,uk−s)
T and λ = (λ0,λ1, ...,λs)

T

one can describe the Wiener system by the following formula

yk = F(uk)+ zk, where F(uk) = µ(λ T
uk).

Let DF(u) be the gradient of F(). It holds that DF(uk) = µ ′(λ T
uk)λ and conse-

quently

E {DF(uk)} = c0λ , where c0 = E

{
µ ′(λ T

uk)
}

. (8.36)

It leads to the idea of estimation of the scaled vector λ , including the true elements

of the impulse response, by the gradient averaging. Since for a given uk, µ ′(λ T
uk)

is unknown, DF(uk) cannot be computed directly. Introducing fu() – the joint prob-

ability density of uk, the property (8.36) can be transformed to the more applicable

form ([44])

E
{

ykD f (uk)
}
= c1λ , where c1 =

1

2
E
{

f (uk)µ
′(λ T

uk)
}

,

and D f (u) is a gradient of fu(). Since for white uk we have fu(uk) = ∏s
j=0 f (uk− j),

it leads to the following scalar estimates of the impulse response

λ̂ j =
1

N

N

∑
k=1

ykd f , j(uk), where d f , j(uk) = D f (uk)[ j] = f ′(uk− j)
s

∏
i=0,i6= j

f (uk−i).

(8.37)

If the input probability density function f (u) is unknown, it can be simply estimated,

e.g., by the kernel method. The open question is generalisation of the approach for

IIR linear subsystems and correlated input cases.

8.5 Conclusion

The principal question in Wiener system identification problem is selection of ad-

equate method. The scope of application of each estimates is limited by specific

set of associated assumptions. Most of them requires a priori known parametric

type of model, Gaussian input, FIR dynamics or invertible characteristic. In fact,

the authors address particular cases, and the problems they solve are quite differ-

ent (see references below). Since the general Wiener system identification problem

includes many difficult aspects, existence of one universal algorithm cannot be ex-

pected. In the light of this, the nonparametric approach seems to be good tool, which

allows for combining selected methods, depending on specificity of the particular

task. Moreover, pure nonparametric estimates are the only possible choice, when

the prior knowledge of the system is poor.
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